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Abstract 

This paper considers the problem of many-to-many disjoint paths in the hy- 
percube Q n with / faulty vertices and obtains the following result. For any 
integer k with 1 < k < n — 2, any two sets S and T of k fault-free vertices in 
different parts of Q n (n > 3), if / < 2n — 2k — 3 and each fault-free vertex has 
at least two fault-free neighbors, then there exist k fully disjoint fault-free paths 
linking S and T which contain at least 2 n — 2f vertices. This result improves 
some known results in a sense. 
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1 Induction 

The n-dimensional hypercube Q n is a graph whose vertex-set consists of all binary vec- 
tors of length n, with two vertices being adjacent whenever the corresponding vectors 
differ in exactly one coordinate. There is a large amount of literature on graph-theoretic 
properties of hypercubes (e.g., see the comprehensive survey paper on early results [7]) 
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and recent results [13] as well as on their applications in parallel computing (e.g., 
see [10]). 

One of most central issues in various high performance communication networks or 
parallel computing systems is to find a cycle or a path of given length in Q n (see [5j[6j[E] 
and the survey paper [15]). To find node-disjoint paths concerned with fault-tolerant 
routings among nodes has received much research attention recently (see, for example, 
[3j[TTJ[T2] an d references cited therein). In this paper, we consider the problem of node 
disjoint paths of Q n . 

It is well known that there are n internally disjoint paths between any two vertices u 
and v in Q n , but they do not always contain all vertices. In 2004, Chang et al. [1] showed 
that for any integer k with 1 < k < n and any two vertices u, v from different partite 
sets of Q n , there are k internally disjoint -uw-paths in Q n which contains all vertices. In 
2007, Chang et al. |2j further showed that for any integer k with 1 < k < n — 4 and any 
two vertices u, v from different partite sets of Q n (n > 5), there are k internally disjoint 
uv -paths in Q n which contain all vertices and the difference of lengths of any two paths 
is most two. In 2009, Chen [3] showed that for any integer k with 1 < k < n — 1, any 
two sets 5* and T of k fault-free vertices in different partite sets in Q n with / faulty 
vertices and h faulty edges, if f + h < n — k — 1, then there exist k disjoint fault-free 
paths linking S and T in Q n which contain at least 2 n — 2f vertices. In this paper, we 
obtain the following results. 

Theorem Let Q n (n > 3) be an n- dimensional hypercube with f faulty vertices, and 
let k be an integer with 1 < k < n — 2. If f <2n — 2k — 3 and each fault-free vertex has 
at least two fault-free neighbors then, for any two sets S and T of k fault-free vertices 
in different partite sets, there exist k disjoint fault-free paths linking S and T in Q n 
which contain at least 2 n — 2f vertices. 

Clearly, our theorem partly improves the above-mentioned results. The proof of 
our result is in Section 3. Section 2 gives some notations and lemmas. 

2 Notations and Lemmas 

For graph-theoretical terminology and notation not defined here, we follow [14J. Let 
G = (V, E) be a connected simple graph, where V = V(G) is the vertex-set and 
E = E{G) is the edge-set of G. For uv G E(G), we call u (resp. v) is a neighbor of v 
(resp. u). A -uw-path is a sequence of adjacent vertices, written as (v ,Vi,V2, ■ ■ ■ ,v m ), 
in which u = vq,v = v m and all the vertices t>o,t>i,t>2, • • • ,v m are different from each 
other. The length of a path P is the number of edges in P. Let dc{u, v) be the length 
of a shortest uf-path in G, called the distance between u and v in G. For a path 
P = (v , v u ■■■ ,v h v i+ i, ■■■ ,v m ), we can write P = P(v , v { ) + v { v i+1 + P(v i+1 ,v m ), 
and the notation P — fjfi+i denotes the subgraph obtained from P by deleting the 
edge fjfj+i. Two paths are disjoint if they have no vertices in common. Given two 
disjoint sets 5 and T of k vertices, if there exist k disjoint paths between S and T, we 
call these paths to be k disjoint ST-paths. 
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The n-dimensional hypercube Q n is a graph with 2 n vertices, each vertex denoted 
by an n-bit binary string u = u n u n -i ■ ■ ■ u%U\. Two vertices are adjacent if and only if 
their strings differ in exactly one bit position. It has been proved that Q n is a vertex- 
and edge-transitive bipartite graph. 

By definition, for any k G {1,2, •• • ,n}, Q n can be expressed as Q n = L k R k , 
where L k and Rk are two subgraphs of Q n induced by the vertices with the k bit position 
is and 1, respectively, which are isomorphic to Q n -i, linking by an edge a vertex in 
Lk to a vertex in Rk if they differ in only the k-th bit. Without loss of generality, we 
write Q n = L © R. For convenience, for a vertex u in L, we use ur to denote its only 
neighbor in R. Similarly, for a vertex v in R, we use vl to denote its only neighbor in 
L. Clearly, for any two vertices ul and vl in L, cIl(ul,vl,) = dn(uR,vn). 

Let F denote a set of faulty vertices in Q n , and / = \F\. When Q n = L © R, we 
denote fi = \F D L\ and fn = \F fl R\. A subgraph of Q n is fault-free if it contains no 
vertices in F. For two subsets A, B of V(Q n ), let d(A,B) = min{d(x,y) : x G A,y e 
B}. 

Lemma 2.1 (Kueng et al. [9], 2009) If f < 2n — 5 and each fault-free vertex ofQ n (n > 
3) has at least two fault-free neighbors then, for any two distinct fault-free vertices x 
and y with distance d, there is a fault-free xy-path containing at least 2™ — 2f vertices 
if d is odd and 2™ — 2f — 1 vertices if d is even. 

Lemma 2.2 (Chen [3], 2009) For any integer k with 1 < k < n — \, if f < n — k — 1 

then, for any two sets S andT ofk fault-free vertices in different partite sets in Q n (n > 
2) , there exist k disjoint fault-free ST -paths which contain at least 2 n — 2f vertices. 

Lemma 2.3 (Dvorak [I], 2005) Let (x,y) and (u,v) be two disjoint pairs of vertices 
with odd distance in Q n . If x and y are adjacent in Q n with n > 3, then there ex- 
ists a uv-path containing all vertices in Q n — {x,y} unless n = 3,d(u,v) = 1 and 
d({x,y},{u,v}) = 2. 

Lemma 2.4 Let x and y be two adjacent vertices of Q n (n > 4). Then, for any integer 
k with 1 < k < n — 2 and for any two sets S and T of k vertices in different partite sets 
in Q n — {x,y}, there exist k disjoint ST -paths containing all vertices in Q n — {x,y}. 

Proof. By induction on k. If k = 1, the result is true by Lemma 12.31 We assume 
that the result holds for any integer fewer than k, and consider the case of k (> 2). 
Let {X,Y} be a bipartition of Q n and Q n = L R such that the edge xy G E(L), 
S = {s\, S2, ■ ■ ■ , Sk} and T = {ti, t 2 , . . . , be two sets of k vertices in different partite 
sets in Q n — {x, y}, and let 

Sl = S PI L, Tl = T fl L and p = \Sl\, q = \Tl\, 
S R = SC]R, Tr — THR. 
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Without loss of generality, we can assume S U {x} C X, T U {y} C Y , p > q and 
0<q<k — l. If p > q, let 

c/ x = {«!, . . . c y n - (T L U {y}), 

Ur = {vi, . . . , Cln with Mj^j G E(Q n ) for 1 < z < p — q. 

Iip = q, let U L = U R = t 

The process of our induction steps stronly depends on Lemma 12 .31 When n — 4, 
L = R = Q 3 , while in Q3, we have to consider some exceptional cases when we apply 
Lemma 12.31 Thus, we first prove the case of n > 5 by considering the following three 
cases. 

Case 1. p = 0. In this case, both S and T are in R. By Lemma I2.2[ there 
exist k disjoint ST-paths Pi, P2, . . . ,Pk containing all vertices in R. We can choose an 
edge ulVl in L — {x,y} such that UrVr is an edge in some path Pj. Since n > 5, by 
Lemma [2. 3 [ there exists a it^i^-path Po containing all vertices in L — Let 

P[ = Pi- UrVr + u R u L + v L v R + P . 

Replacing p by P/ obtains k disjoint ST-paths Pi, ... , Pj_i, P/, P«+i, ■ ■ ■ ,Pk as re- 
quired. 

Case 2. 1 < p < k- 1. Let T L = T L UU L and = S fl U C/r. Then |T£J = g+ (p- 
g) = p = \Sl\ and |S^| = (A; — p) + (p — q) = k — q= \T R \. Since n > 5, by the induction 
hypothesis, there are p disjoint S^T^-paths containing all vertices in L — {x, y}, in which 
let Pi, P 2 , ■ ■ ■ ,P q be S^T^-paths, and P[, P 2 , . . . , Pp_ g be S^L^-paths, without loss of 
generality, say P/ connecting one vertex in Sl to U{. By Lemma I2.2[ there are k — q 
disjoint S^TR-paths containing all vertices in R, in which let P", P'^, . . . , Rp- q be UrTr- 
paths, say P" connecting to one vertex in T R , and P p +i, P P +2, ■ ■ ■ , Pfc be S^T^-paths. 
Let 

P q+i — P-+ UiVi + P" for each % — 1, 2, . . . , p — q. 
Then Pi, P 2 , . . . , P& are A; disjoint ST-paths containing all vertices in — {x, y}. 

Case 3. p = k. By the hypothesis of g < k — 1, Tr ^ 0, say G Tr. Let Sk G 5, 
S" = S — {sk}, U' = Ul — {uk-q} and T' = Tl U [/'. Since n > 5, by the induction 
hypothesis, there exist k — 1 disjoint S"T'-paths containing all vertices in L — 
in which, let Pi, P 2 , . . . , P q be S"T L -paths, and P[, P 2 , . . . , P^_i_ g be S"C/'-paths, where 
P/ connects one vertex of 5" to Ui for each i — 1,2, . . . ,k — 1 — q. 

Assume that Sk is in some path connecting Sj to some vertex t' in T'. Let be 
the neighbor of in the path closer Sj and be the neighbor of in R, and let 

= Vk-q- By Lemma |2T2^ there are k — q disjoint L^TR-paths P", P 2 , . . . , P^ / _ 1 _ g , Pfc_ g 
that contain all vertices in R. Without loss of generality, assume that P" connects Vi 
and t q+ i for each i = 1, 2, . . . , k — q. Let 

P q+ i = P[ + UiVi + P" for each i — 1, 2, . . . , k — 1 — q. 
If t' G Tl, say t' = t 1 and Sk in Pi connecting si to ti (see Fig. [Tj (a)), let 

p; = p 1 (s k ,t 1 ), 

Pk = Pl(Sl, U L ) + UjJUr + P^. 
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L — Qn-l 



R = Qn-l 



L — Qn-l 



R= Qn-l 





(a) (b) 
Figure 1 : Illustrations for the proof of Case 3 of Lemma 

Then P*,P 2 , . . . , Pk-i, Pk are k disjoint ST-paths containing all vertices in Q n — {x, y}. 
If t' G U', say t' = Ui and s k in P' q+ i connecting s q+ i to U\ (see Fig. [j] (b)), let 

p;+i = ^+i(sfc, «i) + + 

P k = Pg +1 (si, U L ) + U L U R + P£_ q . 

Then P 1( . . . , P q , P* +1 , P q +2, ■ ■ ■ , -Pfe-i, -Pfc are disjoint 5"T-paths containing all vertices 
in Q n - {x,y}. 

Summing up the three cases, we prove the lemma when n > 5. 

When n = 4, we have k = 2. In this case, if there exists i (1 < i < 2) such that 
{^^Z/}) = 2, we can choose Q^ = LQR such that xj/ e and C i?. 

Then, by Lemma 12.31 we can direct verify that the lemma holds, and the details are 
omitted. I 



3 Proof of Theorem 



The proof proceeds by induction on n > 3. If k = 1, then / < 2n — 5. The theorem 
follows by Lemma [2.11 If k = n — 2, then / < 1. The theorem follows by Lemma [2.21 
Thus, the theorem holds for 3 < n < 4. In the following discussion, we assume n > 5 
and 2 < k < n — 3. 

Let Q n be an n-dimensional hypercube, {X,Y} be a bipartition of V(Q n ), S = 
{s\, S2, ■ ■ ■ , 5^} C X and T = {ti,t 2 , . . . ,tk} C K be any two sets of k fault-free 
vertices. Our aim is to construct k disjoint fault-free ST-paths containing at least 
2 n — 2f vertices. 

Since k > 2, we have / < 2n — 7. It is easy to see that there is some j £ {1,2,..., n} 
such that each fault-free vertex in Lj and Rj has at least two fault-free neighbors. Let 
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Q n = L © R, where L = Lj and R = Rj. Let 

Sl = S fl L, Tl = T H L and p — \Sl\, q = \Tl\, 
S r = SDR, T r = TDR. 

By symmetry, we may assume p > q. 

We construct k required ST-paths by considering three cases. 

Case 1. q = k or p = 0. 

In this case, two sets S and T both are in L or R. By symmetry, we consider the 
former one, that is, S and T both are in L. There are two subcases. 

Subcase 1.1. f'L<2n — 2k — 5. 

Since f L < 2n - 2k - 5 = 2(n - 1) - 2k - 3 and k < n - 3 = (n - 1) - 2, by the 
induction hypothesis, in L there are k disjoint S'T-paths 

P[,Pi...,P' k (3.1) 
containing at least 2 n_1 — 2fi vertices. Note that, when n > 5 and / < 2n — 7, 

t\E{P'd\ =t\V{Pl)\-k 

i=l i=l 

> 2"- 1 -2f L -k 

> 2™" 1 - 2/ - (n - 3) 

> 4(2n - 7) - 2/ 
>2/. 

Therefore, there is an edge ml^l in some path, say P{, such that ur and ^ both are 
fault-free. Since /r < / < 2(n — 1) — 5, by Lemma T2. 11 in i? there is an li^i^-path Pr 
containing at least 2 n_1 — 2/r vertices. Let 

P t = P[-u L v L + u L u R + P R + v R v L , Pi = P[ for each % = 2,3, . . .,k. (3.2) 
Then P 1; P 2 , ■ ■ ■ ,Pk are A; disjoint S'T-paths containing at least 2 n — 2f vertices in Q n . 
Subcase 1.2. f L >2n-2k-A. 

In this case, f R < 1 since / < 2n — 2k — 3. We consider two subcases according as 
whether f R is equal to 1 or not, respectively. 

Subcase 1.2a. f R — 1. 

In this case, / = 2n — 2/c — 3 and fi J = 2n — 2k — 4. All paths in (13.1 j) contain at 
most one faulty vertex. If they contain no faulty vertex, then paths defined in (13. 2p are 
as required. Assume that some path, say P[, contains a faulty vertex w. Without loss 
of generality, P[ connects s\ and t\. Note that, in this case, paths in (13. ip contain at 
least 2 n ~ 1 — 2(/i — 1) vertices in L. Let and vl be two neighbors of w in P[, where 
ul is in Pl(si,w) and v L is in P[{w,t\). Then the distance of ul and vl is even. 
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If ur and vr both are fault-free then, by Lemma [27TI there is a fault-free URVR-p&th 
Pr containing at least 2 n_1 — 2/r — 1 vertices in R. Let 

P* = P[{S!, U L ) + U L Ur + Pr + VrV L + P[(V L , ti). 

Then, replacing Pi in (13. 2p by P* yields k disjoint fault-free ST-paths with at least 
2 n — 2f vertices in Q n . 

If one of ur and vr is faulty vertex, say ur, then ur is the only faulty vertex in 
R. If ul 7^ S\, let zl be the fault-free neighbor of ul in P[(sx,ul) (maybe zl = s\), 
then zr is fault-free in R, and the distance zr and v r is odd. By Lemma 12. 1[ there is 
a fault-free z^R-path Pr containing at least 2 n_1 — 2/r vertices in R. Let 

P* = P[{ Sl , Z L ) + 2^ + Pr + Vji t; L + P^i, ti). 

Replacing Pi in (13. 2 j) by P* yields disjoint fault-free ST-paths with vertices at least 
(2-i _ 2 (f L - 1) - + (2"- 1 - 2/ H ) = 2 n - 2f. 

We now assume ul = s± and ur is the only faulty vertex in R. Note that ul has 
at least two fault-free neighbor in L. 

If there is a fault-free neighbor zl of not in P[ for each i = 1,2, ... ,k, we 
consider two vertices zr and wr in P. They are free-fault in R since ur is the only 
faulty vertex in P. Since d(zL, v l) = 3, the distance between zr and vr is odd. Let Pr 
be a ^Rt^-path with at least 2 n_1 — 2/# vertices in P, and let 

Pi* = siz L + z L z R + Pr + vrv l + Pi(v L , t x ). 

Replacing Pi in (13.21) by P* yields k disjoint fault-free S'T-paths with vertices at least 

(2-1 - 2 (f L - 1) - \{w}\) + (2"- 1 - 2f R ) >2 n - 2f. 

If all the fault-free neighbors of Ul are in P[, then one of them, say z^, is not 
tx- Clearly, z L ^ vl since Q n contains no triangles. Let z' L be the neighbor of Zl 
in P[{z L ,ti) (maybe z' L = tx), then z' R is fault-free in P. Since both vl and z' L are 
in X, the distance between vr and z' R is even. Let Pr be a t^z^-path with at least 
2n-i _ 2^ _ i vertices in P, and let 

Pi = s x z L + P[{z L , v L ) + u L v fl + P R + 44 + P;(4, tx). 
Replacing Pi in (13.21) by P* yields k disjoint fault-free ST-paths with vertices at least 
(2«-i _ 2 (f L - 1) - \{w}\) + (2"- 1 - 2f R - 1) = 2" - 2f. 

If there is a fault-free neighbor zl of «l not in P[, without loss of generality, assume 
that z L is in P 2 , and P 2 ' connect s 2 and t 2 (see Fig. [2]). Then z £ 7^ s 2 since G F 
and s 2 G X. Let z' L be the neighbor of z L in P 2 (s 2 , 2^) (maybe 4 = s 2 ), then 4 is 
fault-free in P. Since both vl and 4 are in X, both Ur; and 4 are in Y, and so the 



7 



L = Qn-l 



$2 <f 



ZL 



-9 si 



R — Qn-l 



VR 



6 6 

*2 tl 



Figure 2: An illustrations for the proof of Subcase 1.2a of the theorem. 

distance between z' R and vr is even. Let Pr be a z^t>#-path with at least 2 n_1 — 2f R — l 
vertices in P, and let 

P* = s x z L + P' 2 {z u t 2 ), P; = P^{s 2 , z' L ) + z' L z' R + Pr + v r v l + P[(v L , h). 

Replacing Pi and P 2 in ( 13. 2 p by P* and P 2 * yields k disjoint fault-free ST-paths with 
vertices at least 

(2-i _ 2 (f L - 1) - \{w}\) + (2™- 1 - 2/^ - 1) = 2" - 2/. 

Summing up the above discussion, the theorem holds if /r = 1. 
Subcase 1.2b. Jr = 0. 

Let S' = S-{s k } andT' = T-{t k }. Since f L = f< 2n-2k-3 = 2(n-l)-2(Jfe- 
1) — 3, by the induction hypothesis, in L there are (k — 1) disjoint fault-free S"T'-paths 

P[,P!>,...,PU (3.3) 

containing at least 2 n ~ 1 — 2/ vertices. Let 

K = V(P 1 'UP 2 'U...UP^ 1 ), 

and let sr and t# be neighbors of and in R, respectively. Since and are in 
different partite sets in Q n , d L (sk,t k ) is odd, and so is cIr(sr, tji). 

If \{sk,tk} PI K\ — then, since (Ir^sr^r) is odd, by Lemma I2.1[ there is an 
SR^ij-path Pr containing 2 n_1 vertices in R. Let 

Pj = Pj , i = 1, 2, 3, . . . , k 1, (3 4) 

Pfc = SkSR + Pr + tfltfe. 

Then P 1; . . . , Pfc-i,Pfe are disjoint fault-free ST-paths containing at least 2 n — 2f 
vertices, as required. 
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If \{sk,tk} n K\ = 2, then there are two cases to be considered. 

a) Sfc and tk are both in the same path in ( 13. 31) . say P[. Let xl and be two 
neighbors of Sk and in P{ but not in the subpath P[(sk,tk), respectively. Since 
dz,(sfc, £fc) is odd, both (Il^Xl, y£) and cLr^xr, ur) are odd. By Lemma I2TT1 there is an 
a?ij2/R-path Pr containing 2 n_1 vertices in P. Let 

P? = P^si, x L ) + x l xr + Pr + y fi y L + P[{y L , 
P^P^*). 

Replacing Pi and P& in (13. 4ft by Pj* and P^ yields k disjoint fault-free ST-paths con- 
taining at least 2 n — 2f vertices. 

b) Sk and tk are in different paths in ( 13. 31) . Without loss of generality, suppose that 
Sfc is in P[ and is in P' 2 , two end- vertices of P{ are and £j for % — 1, 2. Let xl be the 
neighbor of in P[(si, s^), and yi be the neighbor of tk in P! 2 {tk 1 t2). Since d>L(sk,tk) 
is odd, both (1l(xl, Ul) and (1r{xr, ?/r) are odd. By Lemma [27T| there is an 2R?/R-path 
Pr containing 2 n_1 vertices in P. Let 

P* = P^Si, X L ) + X L 2r + Pr + J/flJ/L + Pfe, *2), 

Replacing Pi, P 2 and Pk in (13 .4p by P*, P 2 * and Pj! yields k disjoint fault-free S'T-paths 
containing at least 2 n — 2f vertices. 

The remaining case is \{sk, tk} f)K\ = 1. Without loss of generality, assume Sk E K 
and tk ^ X. We can further assume that Sk is in P[ with two end- vertices s\ and ti. 
Let xl be the neighbor of Sk in P((si,Sfc), and tR be the neighbor of % in P. Since 
Jr = and xr and £r both are in X, there is a free-fault x^R-path Pr containing 
2 n ~ l - 1. Let 

Pi* = Pi'(si, X L ) + 2 L 2r + Pr + tfltfc 

p^p^tl). 

Replacing P x and P& in ( 13 .4p by P* and P^ yields disjoint fault-free S'T-paths con- 
taining vertices at least 

(2"- 1 _ 2/ + |{t fc }|) + (2"" 1 - 1) = 2 n - 2/. 
Summing up the above discussion, the theorem holds when q = k. 
For sake of convenience, we assume ft, < /r in the following two cases. 
Case 2. I < q < k — 1 or p > q = and /r < 2n — 2/c — 5. 

Let Wl be the set of neighbors of vertices of Sr in L. Then Wj, C Y since S C X. 
For n > 5 and k > 2, we have that 

|y n V(L)\ - \T L \ - \W L \ - f = 2 n - 2 - q -(k-p)-f 

> 2 n - 2 - q - (k - p) - (2n - 2k - 3) 
= (2 n ~ 2 - 2n + k + 3) + (p - q) 

> p — q. 
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This implies that there is a set Ul of (p — q) fault-free vertices in Y fl V(L — T£) such 
that its neighbor-set U R in R is in X fl V(R — S R ) and fault-free. If p > q, let 

U L = {ui,U2,...,u p - q } and U R = {v l7 v 2 , . . . , v p - q }, (3.5) 

be any two such vertex-sets, where u{Ui G E(Q n ) for each i = 1, 2, . . . ,p — q. If p = q, 
let U L = U R = 0. 

Since f L < f R , then f L < \f < \{2n - 2k - 3) < 2(n - 1) - 2k - 3. By the 
induction hypothesis, in L there are p(< k) disjoint fault-free paths 

p> pi p p 

1 li ■ ■ ■ i 1 p—qi 1 p-q+li ■ ■ ■ } 1 p 

connecting Sl and Tl U Ul, and containing at least 2 n_1 — 2/l vertices, where P[ 
connect some vertex in Sl to the vertex Ui in Ul for each i = 1, 2, . . . ,p — q provided 
that p > q. 

If q > 1, then f R < f < 2n-2k-3 < 2(n-l)-2(k-q)-3 and jfe-g < k-1 < n-3. 
If g = and f R < 2n — 2k — 5, then < 2(n — 1) — 2 A; — 3, < n — 3. In any case, 
by the induction hypothesis, in R there are k — q disjoint fault-free paths 

pn pn p p 

r Xl ■ ■ ■ 1 r p-qi -'P+lj • • • ) r k 

connecting S R U U R and T R , and containing at least 2 n_1 — 2f R vertices, where P" 
connect the vertex Vi in U R to some vertex in T R for each % = 1, 2, . . . ,p — q provided 
that p > q. Let 

P l = P' l + u iVi + P f " i = 1, 2, . . . ,p - g. 
Then k paths Pi, P 2 , . . . , P p _ 9 , P p _ g+ i, . . . , P p , P p +i, ■ ■ ■ ,Pk satisfy our requirements. 

Case 3. p > q = and f R >2n-2k- 4. 

In this case, T R = T and /& < 1. We can write ( 13. 5 p as 

Z7r = {wi,« 2 , • • .,«p} and [/# = {^i, t/ 2 , . . . , v p }. (3.6) 

Since /l < 1, by induction, in L there are p disjoint fault-free S , / / L r L-paths 

p[,p^...,p; (3.7) 

containing at least 2 n_1 — 2/^ vertices, without loss of generality, say P[ connect Sj to 
«i for each % = 1,2, ... ,p. 

Since f R <2n — 2k — 3 = 2{n — 1) — 2(A; — 1) — 3, by the induction hypothesis, 
there are k — 1 disjoint fault-free paths 

P2 ) • • • 5 -Pp j -Pp+i; • • • ? Pfc (3.8) 

connecting ,Sr U U r — and T — {t\} in P, and containing at least 2 n_1 — 2f R 
vertices, where P" connect the vertex Vi in U R and some vertex in T — {ti} for each 
% — 2, 3, . . . , k. Then 

Pi = Pi', 

P i = Pl + u l v i + Pl', % = 2,3,...,p (3.9) 
P, z=p + !,...,& 
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are k disjoint fault-free paths between S and (T — {ti}) U {ui} containing at least 
2 n — 2f vertices in Q n . Without loss of generality, say Pj connect Sj to tj for each 
i = 2, 3, . . . , k, Pi connect si to «i. Let 

P = F(P 2 U...UP fc ). 

Note if p = 1, P/ in (13 ,7p and P" in (13. 8p are empty, and we can choose t x such that 
sxh <£ E(Q n ). 

There are two subcases to be considered. 

a) t\ ^ B. Let ti be the neighbor of t\ in L. 

Suppose that tt is fault-free. If G 5*, say = si. By assumption s\t\ G" E(Q n ) if 
p = 1, then p > 2. We consider a temporary faulty vertex. Let S' = S — {s\}, U' = 
Ul — {u\}. Then L contains at most two faulty vertices, p — 1 disjoint fault-free S'U'- 
paths P 2 , ■ ■ ■ ,Pp shown in (\3.7\i contain at least 2 n ~ 1 — 2(fi + 1) vertices, P2, P3, . . . ,Pk 
in ( 13. 9 P are fc — 1 disjoint paths containing at least 2 n — 2f — 2 vertices. Together with 
the path P^ = siti, obtain the paths satisfied the requirements. If £x 5, since 
/l < 1) \Fl U (Ul — {ui})\ < k < n — 3, thus t L has at least a fault-free neighbor 
,2 G V(L) — (Ul — {u\}). Since z G K, we can choose Wi of be z in (I3.6p . We 
consider ^ a temporary faulty vertex. Then L contains at most two faulty vertices, p 
disjoint fault-free S^L^-paths shown in (13. 7p contain at least 2 n_1 — 2(/l + 1) vertices. 
Let 

P* = P 1 + Ul t L + t L t 1 . 

Replacing P x in ( 13. 9 p by P* yields k disjoint fault-free ST-paths in Q n . Note that t 1 
and tL are two new vertices. Then k paths P* , P2, . . . , P& satisfy our requirements. 

Now suppose that is a faulty vertex. Then is the only faulty vertex in L. 
Take a fault-free neighbor, say wr of t\ in R. Then its neighbor wl in L is fault-free 
and in Y . If u># ^ B, then choose Mi = wl €.Ul in (13. 6p . Let 

P* = Pi + Wflti. 

Replacing P x in ( 13. 9 p by P* yields disjoint fault-free S'T-paths in Q n , as required. 
Assume that wr is in some Pj (2 < 2 < fc), say in P2(s 2 ,t2)- Then wr 7^ i 2 since wr 
and ^2 are in different partite sets. Let ur be the neighbor of wr in P 2 (vjR,t 2 ) and 
be the neighbor of Ur in L. Then G X . 

If ml G 5, say ul = S\. If p = 1, we can choose another wr such that ul ^ s\, so let 
p > 2. We consider si be a temporary fault vertex. Let S' = S — {si}, U' = Ul — 
Then L contains at most two faulty vertices, there are p — 1 disjoint fault-free S'U'- 
paths P 2 , ■ ■ ■ ,Pp containing at least 2 n ~ 1 — 2(/j, + 1) vertices, P 2 , P3, . . . , P& in ( 13. 9 p are 
k — 1 disjoint paths containing at least 2 n — 2/ — 2 vertices. Let 

Pi = SiM/j + P 2 (u R ,t 2 ), 
P 2 * = P 2 02,Wr) + Wflti. 

Thus P!,P 2 *,P 3 , . . . , Pfc are fc disjoint fault-free S'T-paths in Q n , where £1 and Si are 
two new vertices, as required. 
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If Ul $l S, choose a fault-free neighbor zl of ul in L such that it is not any Ui in 
Ul for 2 < i < p. Then Zl £ Y. So choose «i = e Ul in (13. 6p . We consider ul 
a temporary faulty vertex. Then L contains at most two faulty vertices, k disjoint 
fault-free SL^-paths shown in (13. 7ft contain at least 2 n_1 — 2(/l + 1) vertices. Let 

P{ = Pi + z L u L + u L u R + P 2 {u R , t 2 ), 
P 2 * = P 2 {s 2 ,w R ) +W R ti. 

Replacing Pi and P 2 in (13.91) by P* and P 2 * yields disjoint fault-free ST-paths in Q n , 
where t\ and ul are two new vertices, as required. 

b) t x E B. 

In this case, without loss of generality, we assume t 1 is in P 2 that connects s 2 to t 2 . 
Let ur and be two neighbors of t 1 in P 2 , and let ul and t>£ be two neighbors of ur 
and f/j in L, respectively. Then ul and vl both are in Y . Without loss of generality, 
assume that vr is in P 2 (s 2 ,ti) and ur is in P 2 (ti,t 2 ). 

If = or ul is fault-free, then choose «i = in Ul in ( 13. 6p . Let 

ff = %*i), 

P 2 * = P 1 + U L U il + P 2 (Ufl,t 2 ). 

Replacing Pi and P2 in (13.91) by P* and P 2 yields disjoint fault-free ST-paths in Q n , 
as required. 

Assume now that /l = 1 and ml is fault vertex. Since / < 2n — 2k — 3, Jr = 
2n — 2k — 4. If d(uR,t 2 ) > 1, we can choose t 2 instead of t\, which comes down to 
the above case, yields k disjoint fault-free ST-paths as required. Thus, we can assume 
d(u R ,t 2 ) = 1. 

Let t 2 L be the neighbor of t 2 in L, then ULt 2 L £ E{Q n ). If £ 2 l £ Sl, say t 2 L = s\. 
By assumption siti E(Q n ) if p = 1, then p > 1. Let S' = S — {s\}, U' = Ul — {ui}- 
Using Lemma 12.41 and choosing xy to be ULt 2 L, then there is p — 1 (< k) disjoint 
S'f/'-paths 

pi,...,p; (3.10) 

that contain all vertices in L — {ul, ^2l}, say P/ connect to Uj for each z = 2, 3, . . . ,p. 
Combining (13 .8p with (I3.10p . we obtain k — 1 disjoint fault-free paths between 5" and 
T~{h} 

P i = P! + u i v i + P!', i = 2,3,...,p 

Pi i=p+l,...,k { ' 

that contain at least (2™- 1 - 2) + (2"" 1 - 2f R ) = 2 n - 2f vertices in Q n . Let 

P 1 = Sl t 2 , and P 2 = P 2 (s 2 ,ti). 

then the paths Pi, P 2 * , P 3 , . . . , Pj. as required. 

If t 2L £ S L , let z G iV(t 2L ) n L - {ml} - U'. Choose u x = z in ?7 L in (ETB]) . Using 
Lemma [2~4l and choosing xy to be wl^l, then there is p(< fc) disjoint S^L^-paths 

P[,P' 2 ,...,P' V (3.12) 
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that contain all vertices in L — {ul, t 2 L}, say P[ connect s« to Ui for each i = 1,2, ... ,p. 
Combining (13. 8 j) with (I3.12p . we obtain k disjoint fault-free paths between S and (T — 

Pi = P{, 

P^Pl + UiVi + P?, i = 2,3,...,p (3.13) 
Pi, i = p + l,...,k (defined in (GTS])) 

that contain at least (2™" 1 - 2) + (2"" 1 - 2f R ) = 2 n - 2f vertices in Q n . Let 

P* = P l + uit 2L + t 2L t 2 and P* = P 2 (s 2 ,t 1 ). 

Replacing Pi and P 2 in (I3.13P by P* and P 2 * yields k disjoint fault-free ST-paths in 
Q n . We remove one vertex ur from paths in (13. 11 j) . and add one vertex t 2 L to obtain 
new paths. Thus, these paths still contain at least 2" — 2f vertices in Q n , as required. 

The theorem follows. 
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